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Based on a symmetry argument we systematically reveal Hartree-Fock broken-symmetry solutions
of the one-dimensional two-band extended Peierls-Hubbard model, which covers various materials
of interest such as halogen-bridged metal complexes and mixed-stack charge-transfer salts. We find
out all the regular-density-wave solutions with an ordering vector q = 0 or q = pi. Changing band
filling as well as electron-electron and electron-phonon interactions, we numerically inquire further
into the ground-state phase diagram and the physical property of each state. The possibility of
novel density-wave states appearing is argued.
I. INTRODUCTION
One-dimensional two-band models with competing
electron-electron (el-el) and electron-phonon (el-ph) in-
teractions have been attracting considerable interest.
Such models cover quasi-one-dimensional materials such
as halogen-bridged transition-metal (MX) linear-chain
complexes and charge-transfer (CT) salts with mixed-
stacks of alternating donor and acceptor molecules. They
are also one-dimensional analogs [1] of the multiband
models for CuO2 planes in high-temperature supercon-
ductors. We retain electronic orbitals of different kinds
in our calculation not only due to a quantitative explana-
tion of experiments but also because we are fascinated by
the models themselves which could bring us unusual phe-
nomena beyond the single-band description [2,3]. One
of the most interesting consequences of intrinsic multi-
band effects and the competition between el-el and el-ph
interactions may be the variety of ground states. Em-
ploying a group-theoretical technique the present author
and Ozaki [4,5] studied the three-band Peierls-Hubbard
model on a square lattice and obtained plenty of novel
broken symmetry phases. Gammel et al. [6] investigated
a similar model but with both site-diagonal and site-off-
diagonal el-ph interactions. Besides regular-density-wave
states [7], they pointed out several novel solutions such
as incommensurate long-period phases [8] and a spin-
frustrated state [9].
Some of the ground states predicted above were ob-
served experimentally. Charge-transfer compounds with
mixed stacks such as TTF-chloranil [10] and TTeC1TTF-
TCNQ [11] may be described by a half-filled two-band
model with site-off-diagonal el-ph coupling. They are
dimerized into bond-order-wave (BOW) states at low
temperatures, which is recognized as a charge-transfer-
induced spin-Peierls transition. Halogen-bridged metal
complexes, which may be described by a 3/4-filled two-
band model with site-diagonal el-ph coupling, exhibit a
strong dependence of their ground states on the con-
stituent metal and halogen ions. Familiar compounds of
Pt ions [12] have the ground state with a charge density
wave (CDW) on the metal sites induced by a dimerization
of the halogen-ion sublattice, whereas recently synthe-
sized Ni compounds [13,14] show a regular-chain struc-
ture with a spin density wave (SDW) on the metal sites.
Although the interchain hydrogen-bond networks are not
negligible here, the competition between the CDW and
SDW states may be recognized as a crossover between the
Peierls and Mott insulators. Thus observed rich phase
diagrams allow us to expect further ground states un-
revealed. Hence we here present a systematic Hartree-
Fock (HF) study on competing broken-symmetry ground
states. We focus on one dimension where ground-state
properties could be most fascinating due to significant
quantum effects. Based on a symmetry argument, we re-
veal possible ground states of regular-density-wave type
and clarify their physical properties.
II. MODEL HAMILTONIAN AND ITS
SYMMETRY PROPERTY
We study the one-dimensional two-band extended
Peierls-Hubbard model:
H =
L∑
n=1
∑
s=±
[εM − β(un − un−1)] a†1:n,sa1:n,s +
L∑
n=1
∑
s=±
εXa
†
2:n,sa2:n,s
−
L∑
n=1
∑
s=±
[
(t− αun)a†1:n,sa2:n,s + (t+ αun−1)a†1:n,sa2:n−1,s +H.c.
]
+ UM
L∑
n=1
a†1:n,+a1:n,+a
†
1:n,−a1:n,− + UX
L∑
n=1
a†2:n,+a2:n,+a
†
2:n,−a2:n,−
1
+ V
L∑
n=1
∑
s,s′=±
[
a†1:n,sa1:n,sa
†
2:n,s′a2:n,s′ + a
†
1:n,sa1:n,sa
†
2:n−1,s′a2:n−1,s′
]
+
K
2
L∑
n=1
u2n . (2.1)
Here we assume the Hamiltonian to describe MX chains.
Now the Hamiltonian (2.1) is recognized as follows: a†1:n,s
and a†2:n,s are the creation operators of an electron with
spin s = ± (up and down respectively) in the metal dz2
and halogen pz orbitals at unit cell n, respectively, un
the chain-direction displacement from the uniform lat-
tice spacing of the halogen atom at unit cell n, and L the
number of unit cells composed of a pair of neighboring
metal and halogen atoms; εM and εX are the energies of
the metal dz2 and halogen pz orbitals on isolated atoms,
respectively, t the transfer energy of hopping between
these levels, UM, UX, and V the el-el interactions on the
metal atoms, on the halogen atoms, and between the
neighboring metal and halogen atoms, respectively; α,
β, and K denote the site-off-diagonal and site-diagonal
el-ph coupling constants and the elastic constant, respec-
tively. We stress that the model essentially covers var-
ious materials. For example, replacing the dz2 and pz
orbitals by ppi orbitals of donor and acceptor molecules,
respectively, we can immediately switch our argument to
organic mixed-stack CT compounds. Fourier transforms
a†1:n,s =
1√
L
∑
k
e−ikna1:k,s ,
a†2:n,s =
1√
L
∑
k
e−ik(n+1/2)a2:k,s ,
un =
1√
L
∑
k
e−ik(n+1/2)uk , (2.2)
compactly rewrite the Hamiltonian as
H =
∑
i,j
∑
k,q
∑
s,s′
〈i : k + q, s|t|j : k, s′〉a†i:k+q,saj:k,s′
+
1
2
∑
i,j,m,n
∑
k,k′,q
∑
s,s′,t,t′
〈i : k + q, s;m : k′, t|v|j : k, s′;n : k′ + q, t′〉
×a†i:k+q,sa†m:k′,tan:k′+q,t′aj:k,s′ +
K
2
∑
k
uku
∗
k , (2.3)
where
〈i : k + q, s|t|j : k, s′〉 = 〈i : k + q|t|j : k〉δss′ , (2.4)
〈i : k + q, s;m : k′, t|v|j : k, s′;n : k′ + q, t′〉
= 〈i : k + q;m : k′|v|j : k;n : k′ + q〉δss′δtt′ , (2.5)
are specified as
〈1 : k + q|t|1 : k〉 = ε˜Mδq0 − 2iβ√
L
u∗q sin
(q
2
)
,
〈2 : k + q|t|2 : k〉 = ε˜Xδq0 ,
〈1 : k + q|t|2 : k〉 = −2t0 cos
(
k
2
)
δq0
+
2iα√
L
u∗q sin
(
k + q
2
)
, (2.6)
〈1 : k + q; 1 : k′|v|1 : k; 1 : k′ + q〉 = UM
L
,
〈2 : k + q; 2 : k′|v|2 : k; 2 : k′ + q〉 = UX
L
,
〈1 : k + q; 2 : k′|v|1 : k; 2 : k′ + q〉 = 2V
L
cos
(q
2
)
. (2.7)
with the renormalized on-site affinities ε˜M = εM − UM/2
and ε˜X = εX − UX/2.
The symmetry group of the system is generally repre-
sented as
G = P× S×T , (2.8)
where P = L1 ∧ C2 is the space group of a linear chain
with the one-dimensional translation group L1 whose ba-
sis vector is the unit-cell translation l1, S the group of
spin-rotation, and T the group of time reversal. We here
take no account of the gauge group because we do not
consider superconducting phases. Group actions on the
creation operators are defined as follows [15,16]:
l · a†i:k,s = e−ikla†i:k,s , (2.9)
p · a†i:k,s = a†i:pk,s , (2.10)
u(e, θ) · a†i:k,s =
∑
s′
[u(e, θ)]ss′a
†
k,s′ , (2.11)
t · (fa†i:k,s) = −s f∗a†i:−k,−s , (2.12)
where l ∈ L1, p ∈ C2, u(e, θ) ∈ S, t ∈ T, and f is
an arbitrary complex number. u(e, θ) = σ0 cos(θ/2) −
(σ · e) sin(θ/2) represents the spin rotation of angle θ
around an axis e, where σ0 is the 2 × 2 unit matrix
and σ = (σx, σy, σz) is a vector composed of the Pauli-
matrices.
Let Gˇ denote the irreducible representations of G over
the real number field, where their representation space
is spanned by the Hermitian operators {a†i:k,saj:k′,s′}.
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There is a one-to-one correspondence [17,18] between
Gˇ and broken-symmetry phases with a definite ordering
vector. Any representation Gˇ is obtained as a Kronecker
product of the irreducible representations of P, S, and T
over the real number field:
Gˇ = Pˇ ⊗ Sˇ ⊗ Tˇ . (2.13)
Pˇ is characterized by an ordering vector q in the Brillouin
zone and an irreducible representation of its little group
P(q) [19], and is therefore labeled qPˇ (q). The relevant
representations of S and T are, respectively, given by
Sˇ0(u(e, θ)) = 1 , Sˇ1(u(e, θ)) = O(u(e, θ)) , (2.14)
Tˇ 0(t) = 1 , Tˇ 1(t) = −1 , (2.15)
where O(u(e, θ)) is the 3 × 3 orthogonal matrix satisfy-
ing u(e, θ)σλu†(e, θ) =
∑
µ=x,y,z[O(u(e, θ))]λµσ
µ (λ =
x, y, z). The representations Pˇ ⊗ Sˇ0 ⊗ Tˇ 0, Pˇ ⊗ Sˇ1 ⊗ Tˇ 1,
Pˇ⊗Sˇ0⊗Tˇ 1, and Pˇ⊗Sˇ1⊗Tˇ 0 correspond to charge-density-
wave (CDW), spin-density-wave (SDW), charge-current-
wave (CCW), and spin-current-wave (SCW) states, re-
spectively. We leave out current-wave states in our
argument, because here in one dimension all of them
but one-way uniform-current states break the charge-
or spin-conservation law. The current states in one di-
mension are less interesting than in higher dimensions,
where physically stimulative ones [4,15,16,20] may ap-
pear. We consider two ordering vectors q = 0 and
q = pi, which are labeled Γ and X , respectively. Thus we
treat the instabilities characterized as Γ Pˇ (Γ )⊗ Sˇ0⊗ Tˇ 0,
XPˇ (X)⊗ Sˇ0⊗ Tˇ 0, Γ Pˇ (Γ )⊗ Sˇ1⊗ Tˇ 1, and XPˇ (X)⊗ Sˇ1⊗
Tˇ 1. Here Pˇ (Γ ) and Pˇ (X) are either A (C2-symmetric)
or B (C2-antisymmetric) representation of C2 because
P(Γ ) = P(X) = C2 in the present system.
III. BROKEN SYMMETRY SOLUTIONS
In the HF approximation the Hamiltonian (2.3) is re-
placed by
HHF =
∑
i,j
∑
k,s,s′
∑
λ=0,z
[
xλij(Γ ; k)a
†
i:k,saj:k,s′ + x
λ
ij(X ; k)a
†
i:k+pi,saj:k,s′
]
σλss′ , (3.1)
where xλij(K; k) is the self-consistent renormalized field describing nonmagnetic (λ = 0) and magnetic (λ = z)
instabilities at point K and is expressed as
x0ij(Γ ; k) = 〈i : k|t|j : k〉+
∑
m,n
∑
k′
ρ0nm(Γ ; k
′)
× [2〈i : k;m : k′|v|j : k;n : k′〉 − 〈i : k;m : k′|v|n : k′; j : k〉] ,
xzij(Γ ; k) = −
∑
m,n
∑
k′
ρznm(Γ ; k
′)〈i : k;m : k′|v|n : k′; j : k〉
x0ij(X ; k) = 〈i : k + pi|t|j : k〉+
∑
m,n
∑
k′
(−1)δm2ρ0nm(Γ ; k′)
× [2〈i : k + pi;m : k′|v|j : k;n : k′ + pi〉 − 〈i : k + pi;m : k′|v|n : k′ + pi; j : k〉] ,
xzij(X ; k) = −
∑
m,n
∑
k′
(−1)δm2ρznm(X ; k′)〈i : k + pi;m : k′|v|n : k′ + pi; j : k〉 . (3.2)
Here we have introduced the density matrices
ρλij(Γ ; k) =
1
2
∑
s,s′
〈a†j:k,sai:k,s′〉HFσλss′ ,
ρλij(X ; k) =
1
2
∑
s,s′
〈a†j:k+pi,sai:k,s′〉HFσλss′ , (3.3)
where 〈· · ·〉HF denotes the quantum average in a HF
eigenstate. We note that nonaxial magnetic instabili-
ties (λ = x, y) are not obtained from the Hamiltonian
(3.1) because all the irreducible representations of C2
are of one dimension. HHF is decomposed into spatial-
symmetry-definite components as
HHF =
∑
K=Γ,X
∑
D=A,B
∑
λ=0,z
hλ(K;D) , (3.4)
where hλ(K;D) is the irreducible basis Hamiltonian
which belongs to the D representation at point K and
is specified as
h0(Γ ;A) =
∑
k,s
c01(Γ ;A)a
†
1:k,sa1:k,s +
∑
k,s
c02(Γ ;A)a
†
2:k,sa2:k,s
+
∑
k,s
[
c03(Γ ;A) cos
(
k
2
)
a†1:k,sa2:k,s +H.c.
]
, (3.5)
h0(Γ ;B) =
∑
k,s
[
c01(Γ ;B) sin
(
k
2
)
a†1:k,sa2:k,s +H.c.
]
, (3.6)
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h0(X ;A) =
∑
k,s
c01(X ;A)a
†
1:k+pi,sa1:k,s +
∑
k,s
[
c02(X ;A) cos
(
k
2
)
a†1:k+pi,sa2:k,s +H.c.
]
, (3.7)
h0(X ;B) =
∑
k,s
c01(X ;B)a
†
2:k+pi,sa2:k,s +
∑
k,s
[
c02(X ;B) sin
(
k
2
)
a†1:k+pi,sa2:k,s +H.c.
]
, (3.8)
hz(Γ ;A) =
∑
k,s,s′
cz1(Γ ;A)a
†
1:k,sa1:k,s′σ
z
ss′ +
∑
k,s,s′
cz2(Γ ;A)a
†
2:k,sa2:k,s′σ
z
ss′
+
∑
k,s,s′
[
cz3(Γ ;A) cos
(
k
2
)
a†1:k,sa2:k,s′σ
z
ss′ +H.c.
]
, (3.9)
hz(Γ ;B) =
∑
k,s,s′
[
cz1(Γ ;B) sin
(
k
2
)
a†1:k,sa2:k,s′σ
z
ss′ +H.c.
]
, (3.10)
hz(X ;A) =
∑
k,s,s′
cz1(X ;A)a
†
1:k+pi,sa1:k,s′σ
z
ss′ +
∑
k,s,s′
[
cz2(X ;A) cos
(
k
2
)
a†1:k+pi,sa2:k,s′σ
z
ss′ +H.c.
]
, (3.11)
hz(X ;B) =
∑
k,s,s′
cz1(X ;B)a
†
2:k+pi,sa2:k,s′ +
∑
k,s,s′
[
cz2(X ;B) sin
(
k
2
)
a†1:k+pi,sa2:k,s′σ
z
ss′ +H.c.
]
, (3.12)
with
c01(Γ ;A) = εM +
UM
L
∑
k
ρ011(Γ ; k)
+
4V
L
∑
k
ρ022(Γ ; k) ,
c02(Γ ;A) = εX +
UX
L
∑
k
ρ022(Γ ; k)
+
4V
L
∑
k
ρ011(Γ ; k) ,
c03(Γ ;A) = −2t0 −
2V
L
∑
k
cos
(
k
2
)
ρ012(Γ ; k) , (3.13)
c01(Γ ;B) =
2iα√
L
u0 − 2V
L
∑
k
sin
(
k
2
)
ρ012(Γ ; k) , (3.14)
c01(X ;A) =
2iβ√
L
upi +
UM
L
∑
k
ρ011(Γ ; k) ,
c02(X ;A) = −
2iα√
L
upi
+
2V
L
∑
k
cos
(
k
2
)
ρ012(X ; k + pi) , (3.15)
c01(X ;B) = −
UX
L
∑
k
ρ022(X ; k + pi) ,
c02(X ;B) =
2V
L
∑
k
sin
(
k
2
)
ρ012(X ; k + pi) , (3.16)
cz1(Γ ;A) = −
UM
L
∑
k
ρz11(Γ ; k) ,
cz2(Γ ;A) = −
UX
L
∑
k
ρz22(Γ ; k) ,
cz3(Γ ;A) = −
2V
L
∑
k
cos
(
k
2
)
ρz12(Γ ; k) , (3.17)
cz1(Γ ;B) = −
2V
L
∑
k
sin
(
k
2
)
ρz12(Γ ; k) , (3.18)
cz1(X ;A) = −
UM
L
∑
k
ρz11(X ; k + pi) ,
cz2(X ;A) =
2V
L
∑
k
cos
(
k
2
)
ρz12(X ; k + pi) , (3.19)
cz1(X ;B) =
UX
L
∑
k
ρz22(X ; k + pi) ,
cz2(X ;B) =
2V
L
∑
k
sin
(
k
2
)
ρz12(X ; k + pi) . (3.20)
We list in Table I the thus-obtained HF Hamiltonians
of broken symmetry, where their invariance groups are
also displayed. Once a broken-symmetry Hamiltonian is
given, its invariance group is defined in such a way that
any symmetry operation in the group keeps the Hamilto-
nian unchanged. Keeping in mind that the density ma-
trices characteristic of the Hamiltonian given should also
be invariant for its invariance group, we can completely
determine qualitative properties of the solution [15,16].
Let us introduce relevant order parameters. The local
charge density on site i at the nth unit cell is defined as
di:n ≡
∑
s
〈a†i:n,sai:n,s〉HF , (3.21)
the local spin density on site i at the nth unit cell as
szi:n ≡
1
2
∑
s,s′
〈a†i:n,sai:n,s′〉HFσzss′ , (3.22)
the complex bond order between site i at the nth unit
cell and site j at the mth unit cell as
4
pi:n;j:m ≡
∑
s
〈a†i:n,saj:m,s〉HF , (3.23)
and the complex spin bond order between site i at the
nth unit cell and site j at the mth unit cell as
tzi:n;j:m ≡
1
2
∑
s,s′
〈a†i:n,saj:n,s′〉HFσzss′ . (3.24)
The halogen-atom displacements un are self-consistently
determined so as to minimize the HF energy EHF ≡
〈H〉HF. Now we are ready to classify and characterize
all the possible solutions. We are convinced in the fol-
lowing that any order parameter unspecified is zero and
ρ¯λij(K; k) and ρ˜
λ
ij(K; k) denote the real and imaginary
parts of ρλij(K; k), respectively. The solutions obtained
are schematically shown in Fig. 1.
A. ΓA⊗ Sˇ0 ⊗ Tˇ 0
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) . (3.25)
This phase (Fig. 1a) possesses the full symmetry (2.8) and is recognized as the paramagnetic state. We abbreviate
the state as PM.
B. ΓB ⊗ Sˇ0 ⊗ Tˇ 0
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k)−
2
L
∑
k
sin
(
k
2
)
ρ˜021(Γ ; k) ,
p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) +
2
L
∑
k
sin
(
k
2
)
ρ˜021(Γ ; k) ,
un =
8α
L
∑
k
sin
(
k
2
)
ρ˜021 . (3.26)
This phase (Fig. 1b) is characterized by the alternating bond orders with the uniform lattice deformation. We
abbreviate the state as BOW. Here is no alternation of on-site charge densities and the site-diagonal el-ph coupling
β is irrelevant.
C. XA⊗ Sˇ0 ⊗ Rˇ0
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) +
2(−1)n
L
∑
k
ρ¯011(X : k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k)−
2(−1)n
L
∑
k
sin
(
k
2
)
ρ¯021(X ; k) ,
un = −4β(−1)
n
L
∑
k
ρ¯011(X : k) . (3.27)
This phase (Fig. 1c) is characterized by the alternating charge densities on the metal sites induced by the lattice
dimerization. We abbreviate the state as M-CDW. While both site-diagonal (β) and site-off-diagonal (α) el-ph
interactions contribute to the energy stabilization of the state, β is much more relevant here.
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D. XB ⊗ Sˇ0 ⊗ Tˇ 0
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022 +
2(−1)n
L
∑
k
ρ¯022(X ; k) ,
p1:n;2:n =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k)−
2(−1)n
L
∑
k
sin
(
k
2
)
ρ¯121(X ; k) ,
p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) +
2(−1)n
L
∑
k
sin
(
k
2
)
ρ¯121(X ; k) . (3.28)
This phase (Fig. 1d) is characterized by the alternating charge densities on the halogen sites with a purely electronic
bond order wave. We abbreviate the state as X-CDW.
E. ΓA⊗ Sˇ1 ⊗ Tˇ 1
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) ,
sz1:n =
1
L
∑
k
ρ¯z11(Γ ; k) , s
z
2:n =
1
L
∑
k
ρ¯z22(Γ ; k) ,
tz1:n;2:n = t
z
1:n;2:n−1 =
1
L
∑
k
cos
(
k
2
)
ρ¯z21(Γ ; k) . (3.29)
This phase (Fig. 1e) is the ferromagnetism with the uniform spin bond orders. We abbreviate the state as FM. We
note that not only the metal sites but also the halogen sites have spin densities.
F. ΓB ⊗ Sˇ1 ⊗ Tˇ 1
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) ,
tz1:n;2:n = −tz1:n;2:n−1 = −
1
L
∑
k
sin
(
k
2
)
ρ˜z21(Γ ; k) . (3.30)
This phase (Fig. 1f) is characterized by the alternating spin bond orders. Both metal and halogen sites have no spin
density. We abbreviate the state as SBOW.
G. XA⊗ Sˇ1 ⊗ Tˇ 1
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) ,
sz1:n =
(−1)n
L
∑
k
ρ¯z11(X ; k) , s
z
2:n = 0 ,
tz1:n;2:n = t
z
1:n;2:n−1 =
(−1)n
L
∑
k
cos
(
k
2
)
ρ¯z21(X ; k) . (3.31)
This phase (Fig. 1g) is characterized by the alternating spin densities on the metal sites with the alternating spin
bond orders. We abbreviate the state as M-SDW.
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H. XB ⊗ Sˇ1 ⊗ Tˇ 1
d1:n =
2
L
∑
k
ρ¯011(Γ ; k) , d2:n =
2
L
∑
k
ρ¯022(Γ ; k) ,
p1:n;2:n = p1:n;2:n−1 =
2
L
∑
k
cos
(
k
2
)
ρ¯021(Γ ; k) ,
sz1:n = 0 , s
z
2:n =
(−1)n
L
∑
k
ρ˜z22(X ; k) ,
tz1:n;2:n = −tz1:n;2:n−1 = −
(−1)n
L
∑
k
sin
(
k
2
)
ρ˜z21(X ; k) . (3.32)
This phase (Fig. 1h) is characterized by the alternating spin densities on the halogen sites with the alternating spin
bond orders. We abbreviate the state as X-SDW.
So-far-synthesized MX compounds exhibit ground
states of M-CDW or M-SDW type. We will later visualize
the competition [21] between them, which is essentially
described by the two parameters, β and UM. The fer-
roelectric ground states [10,22] of mixed-stack CT com-
pounds are recognized as BOW, where α is most relevant.
The ferromagnetic ground states [23] of organic radical
crystals may qualitatively be identified with FM, where
strong on-site Coulomb interactions are essential. Thus
it is implied that M-CDW and M-SDW are most stabi-
lized at 3/4 band filling, whereas BOW and FM around
half band filling. Generally, Γ - and X-phases are, re-
spectively, more and less stabilized as the system moves
away from 3/4 band filling. Our approach shows that
only the nonmagnetic solutions can be accompanied by
lattice deformation. Further harvests may be a few novel
density-wave states, X-CDW, SBOW, and X-SDW. We
note that M-CDW is stabilized in a lattice dimerized,
whereas no lattice distortion accompanies X-CDW. It is
also worth while noting that the three-band model for
the CuO2 planes in high-temperature superconductors
also has a solution of the same type as X-SDW, namely,
the SDW on the oxygen sites [4,5,24]. Assuming that
doped holes should predominantly be of halogen charac-
ter on the analogy of the model in two dimension [25],
hole doping may cause the frustration of an antiferro-
magnetic spin alignment on the metal sites and therefore
lead to the collapse of M-SDW.
IV. NUMERICAL CALCULATION AND
DISCUSSION
Plenty of parameters may potentially bring rich
ground-state phase diagrams. In order to have a general
view of the model, we here restrict relevant parameters to
the difference between the M- and X-atom on-site affini-
ties, ε0 ≡ εM− εX, the on-site Coulomb interactions, UM
and UX, and band filling. The HF energy is calculated
in the thermodynamic limit.
We show in Fig. 2 phase diagrams at 3/4 band fill-
ing, where q = pi states are predominantly stabilized.
As far as magnetic instabilities are concerned, the phase
diagram at ε0 = 0 is almost symmetric under the ex-
change of UM and UX. This is because magnetic phases
are accompanied by no lattice deformation. It is not
the case with nonmagnetic instabilities. Here the metal-
atom displacements are assumed to be much smaller than
the halogen-atom ones and thus negligible. Therefore,
X-CDW is strongly suppressed and M-CDW is predom-
inantly stabilized due to the el-ph coupling β. With the
increase of ε0, density waves on the halogen sites are gen-
erally reduced and single-band models come to be justi-
fied. The phase boundary between M-SDW and X-SDW
is roughly given by UX−UM = 1.8ε0. In comparison with
MX compounds with M = Pt and M = Pd whose ground
states are M-CDW, Ni complexes relatively have a small
ε0 and a large UM [26] and thus exhibit M-SDW ground
states. In order to realize X-SDW ground states, a small
enough ε0 and a large enough UX are necessary.
We show in Fig. 3 phase diagrams at half band fill-
ing, where q = 0 states are relatively stabilized. The off-
site el-ph coupling α stabilizes BOW, whereas the off-site
Coulomb interaction V is unfavorable to that. The in-
crease of V generally turns BOW into PM. All the present
findings are consistent with the observations [10,22] of
mixed-stack CT compounds. Here we could not have
a quantitative argument on FM. The present approach
never goes beyond the Stoner’s theory [27] and thus con-
cludes that once the system deviates from 3/4 band fill-
ing, FM can necessarily appear with large enough UM
and UX. It is, however, well-known that multiscatter-
ing effects [28] qualitatively correct this scenario. The
ferromagnetism in multiband models [29–31] is a subject
of great interest in itself and should be investigated tak-
ing account of intra-atomic exchange interactions, which
favors a ferromagnetic spin alignment.
Finally we briefly observe the doping dependences of
the states appearing in the phase diagrams. We define
macroscopic order parameters as
OM-CDW =
1
L
∑
n
(−1)nd1:n , (4.1)
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OM-SDW =
1
L
∑
n
(−1)nsz1:n , (4.2)
OX-SDW =
1
L
∑
n
(−1)nsz2:n , (4.3)
OBOW =
1
2L
∑
n
(p1:n;2:n−1 − p1:n;2:n) , (4.4)
OMFM =
1
L
∑
n
sz1:n , O
X
FM =
1
L
∑
n
sz2:n , (4.5)
and show them as functions of band filling in Table II,
where the last digit of each estimate may contain a slight
numerical uncertainty. Now we explicitly find that M-
CDW, M-SDW, and X-SDW are most stabilized at 3/4
band filling, while BOW and FM at half band filling.
Concerning FM we note that OMFM and O
X
FM have oppo-
site signs, which means spins on the metal and halogen
sites are antiparallel to each other (Fig. 1e). When we
move away from half band filling, electrons are prefer-
ably doped into the halogen sites, whereas holes into the
metal sites. Further numerical investigation will be pre-
sented elsewhere.
While X-CDW and SBOW do not appear in the
ground-state phase diagrams shown here, we expect them
in a more extensive numerical investigation. Even if the
states are scarcely stabilized into a ground state, they
can still be relevant in the ground-state correlations. We
note, for example, that low-lying solitonic excitations
in a SDW ground state induce SBOW domains around
their centers [32]. Besides the obtained novel density-
wave states themselves, we stress the wide applicability
of the present approach. Although the approach is fea-
sible and even more enlightening in higher dimensions
[4,5], fascinating materials such as halogen-bridged bi-
nuclear complexes [33] and DCNQI-Cu systems exhibit-
ing a three-fold superlattice structure [34] stimulate us to
further explorations in one dimension, where the problem
of competing ground states is really fruitful. Even if a
model treated is of one dimension, its complicated unit-
cell structure and various el-ph interactions may conceal
some of instabilities of importance from our naive guess.
Our approach never fails to reveal all the possible broken-
symmetry phases. We hope that the present argument
will motivate further chemical, as well as theoretical, ex-
plorations in low-dimensional el-ph systems.
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FIG. 1. Schematic representation of possible density-wave
states, where the variety of circles and segments qualita-
tively represents the variation of local charge densities and
bond orders, respectively, whereas the signs ± in circles and
strips describe the alternation of local spin densities and
spin bond orders, respectively. Circles shifted from their
equidistant location qualitatively represent X-atom displace-
ments. Identifying the present system, for example, with halo-
gen-bridged metal complexes, each phase is characterized as
follows: (a) Paramagnetism; (b) Electron-phonon bond order
wave; (c) Metal charge density wave accompanied by an elec-
tron-phonon bond order wave; (d) Halogen charge density
wave accompanied by a purely electronic bond order wave;
(e) Ferromagnetism with uniform spin bond orders; (f) Spin
bond order wave; (g) Metal spin density wave accompanied
by a spin bond order wave; (h) Halogen spin density wave
accompanied by a spin bond order wave.
FIG. 2. Ground-state phase diagrams at various values of
ε0: (a) ε0/t0 = 0.0; (b) ε0/t0 = 1.0; (c) ε0/t0 = 2.0. Here
the following parametrization is common to all: V/t0 = 1.0,
α/(Kt0)
1/2 = 0.1, β/(Kt0)
1/2 = 1.0, and 3/4 band filling.
FIG. 3. Ground-state phase diagrams at various val-
ues of el-ph coupling constants: (a) α/(Kt0)
1/2 = 0.6,
β/(Kt0)
1/2 = 1.0; (b) α/(Kt0)
1/2 = 0.8, β/(Kt0)
1/2 = 0.1.
Here the following parametrization is common to all:
ε0/t0 = 3.0, V/t0 = 1.0, and half band filling.
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TABLE I. Hartree-Fock broken-symmetry Hamiltonians, their invariance groups, and consequent density-wave states.
Representation Hamiltonian Invariance group State
ΓA⊗ Sˇ0 ⊗ Tˇ 0 h0(Γ ;A) L1C2ST PM
ΓB ⊗ Sˇ0 ⊗ Tˇ 0 h0(Γ ;A) + h0(Γ ;B) L1ST BOW
XA⊗ Sˇ0 ⊗ Tˇ 0 h0(Γ ;A) + h0(X;A) L2C2ST M-CDW
XB ⊗ Sˇ0 ⊗ Tˇ 0 h0(Γ ;A) + h0(X;B) (1 + l1C2)L2ST X-CDW
ΓA⊗ Sˇ1 ⊗ Tˇ 1 h0(Γ ;A) + hz(Γ ;A) L1C2A(ez)M(e‖) FM
ΓB ⊗ Sˇ1 ⊗ Tˇ 1 h0(Γ ;A) + hz(Γ ;B) (1 + C2u(e‖, pi))L1A(ez)M(e‖) SBOW
XA⊗ Sˇ1 ⊗ Tˇ 1 h0(Γ ;A) + hz(X;A) (1 + l1u(e‖, pi))L2C2A(ez)M(e‖) M-SDW
XB ⊗ Sˇ1 ⊗ Tˇ 1 h0(Γ ;A) + hz(X;B) (1 + l1C2)(1 + l1u(e‖, pi))L2A(ez)M(e‖) X-SDW
a)
L1 is the translation group whose basis vector is the unit-cell translation l1.
b)
L2 is the translation group whose basis vector is the double-unit-cell translation.
c)
A(ez) = {u(ez, θ)|0 ≤ θ ≤ 4pi} with the axis ez along the z direction.
d)
M(e‖) = {E, tu(e‖, pi)} with the axis e‖ along the chain direction.
TABLE II. Order parameters as functions of band filling.
Band filling OM-CDW OM-SDW OX-SDW
3.2/4.0 0.64977 0.32626 0.23942
3.1/4.0 0.74603 0.37371 0.28664
3.0/4.0 0.84207 0.42111 0.33321
2.9/4.0 0.78778 0.40047 0.32808
2.8/4.0 0.72453 0.37621 0.32137
Band filling OBOW O
M
FM O
X
FM
2.2/4.0 0.32294 0.42921 −0.32921
2.1/4.0 0.46682 0.43536 −0.38536
2.0/4.0 0.47283 0.44118 −0.44118
1.9/4.0 0.47147 0.38536 −0.43536
1.8/4.0 0.46954 0.32921 −0.42921
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